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Abstract
Oscillations of solutions of a class of nonlinear parabolic equations are investigated, and the unboundedness
of solutions is also studied as corollaries. Our approach is to employ the modi2cations of Picone-type identities
for half-linear elliptic operators. c© 2002 Elsevier Science B.V. All rights reserved.
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Since the work of McNabb [8] in 1962, the unboundedness of solutions of parabolic equations
or systems has been studied by several authors. We refer the reader to Dunninger [4], Kusano and
Narita [7] for parabolic equations or inequalities, and to Chan [1], Chan and Young [2,3], Kuks
[5] for time-dependent matrix diAerential inequalities. As corollaries, all of them contain the results
about the zeros of solutions or singularities of matrix solutions.
Recently Kusano et al. [6] have established Picone-type identities for the half-linear elliptic op-
erators. The purpose of this paper is to obtain the oscillatory behavior or the unboundedness of
solutions by extending the Picone identities to time-dependent nonlinear parabolic equations.
We are concerned with the oscillation properties of solutions of the nonlinear parabolic equation
@v
@t
− P[v] = 0; (x; t)∈ ≡ G × (0;∞); (1)
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where G is a bounded domain in Rn with piecewise smooth boundary @G and
P[v] ≡ ∇ · (A(x; t)|∇v|−1∇v) + C(x; t)|v|−1v; (2)
∇ being the gradient
(
@
@x1
; : : : ;
@
@xn
)
.
It is assumed that:
(H1)  is a positive constant;
(H2) A(x; t)∈C( I; (0;∞)) and C(x; t)∈C( I;R).
De
nition 1. The domain DP() of P is de2ned to be the set of all functions v of class C
1( I;R)
with the property that A(x; t)|∇v|−1∇v∈C1(;R) ∩ C( I;R).
De
nition 2. By a solution of (1) we mean a function v∈DP() which satis2es Eq. (1).
De
nition 3. A solution v of (1) is said to be oscillatory on I if v has a zero in IG × [t;∞) for
any t ¿ 0.
Associated with (2) we consider the half-linear diAerential operator p de2ned by
p[u] =∇ · (a(x)|∇u|−1∇u) + c(x)|u|−1u; (3)
where the coeJcients a(x) and c(x) satisfy the following:
(H3) a(x)∈C( IG;R) and c(x)∈C( IG;R):
De
nition 4. The domain Dp(G) of p is de2ned to be the set of all functions u of class C
1( IG;R)
with the property that a(x)|∇u|−1∇u∈C1(G;R) ∩ C( IG;R).
The following theorem was established by Kusano et al. [6, Theorem 1.1].
Theorem 1 (Picone-type identity). Assume that u∈Dp(G); v∈DP() and v =0 in G × I ; where
I is any interval in R. Then we have the identity
∇ ·
(
u
’(v)
[’(v)a(x)|∇u|−1∇u− ’(u)A(x; t)|∇v|−1∇v]
)
=(a(x)− A(x; t))|∇u|+1 + (C(x; t)− c(x))|u|+1
+A(x; t)
[
|∇u|+1 + 
∣∣∣u
v
∇v
∣∣∣+1 − (+ 1) ∣∣∣u
v
∇v
∣∣∣−1 (∇u) · (u
v
∇v
)]
+
u
’(v)
(’(v)p[u]− ’(u)P[v]); (x; t)∈G × I; (4)
where ’(s) = |s|−1s.
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Theorem 2. Assume that (H1)–(H3) hold; and that there exists a nontrivial function u∈Dp(G)
such that
p[u] = 0 in G;
u= 0 on @G;
lim
t→∞
∫ t
T
V [u](s) ds=∞ for any T ¿ 0;
where
V [u](t) ≡
∫
G
[(a(x)− A(x; t))|∇u|+1 + (C(x; t)− c(x))|u|+1] dx:
If 0¡6 1; every solution v∈DP() of (1) which is nonoscillatory on I satis8es
lim
t→∞
∫
G
|u|+1(|v|) dx =∞; (5)
where
(s) =
{
log s if = 1;
s−+1 if 0¡¡ 1:
If ¿ 1; every solution v∈DP() of (1) is oscillatory on I.
Proof. First we consider the case where 0¡6 1. Let v∈DP() be a solution of (1) which is
nonoscillatory on I. Then there exists a number t0¿ 0 such that v =0 on IG × [t0;∞). Integrating
the Picone identity (4) over G and taking account of the following inequality [6; Lemma 2.1]:
A(x; t)
[
|∇u|+1 + 
∣∣∣u
v
∇v
∣∣∣+1 − (+ 1) ∣∣∣u
v
∇v
∣∣∣−1 (∇u) · (u
v
∇v
)]
¿ 0 in IG × [t0;∞);
we observe that
0¿V [u](t)−
∫
G
u’(u)
’(v)
P[v] dx
= V [u](t)−
∫
G
|u|+1 1|v|−1v
@v
@t
dx; t¿ t0: (6)
Since
1
|v|−1v
@v
@t
=


@
@t
log|v| (= 1);
@
@t
(
1
−+ 1 |v|
−+1
)
( =1);
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(6) implies that
d
dt
(∫
G
|u|+1 log|v| dx
)
¿V [u](t); (= 1); (7)
d
dt
(
1
−+ 1
∫
G
|u|+1|v|−+1 dx
)
¿V [u](t); ( =1) (8)
for t¿ t0. Integrating (7); (8) over [t0; T ]; we obtain
z(T )− z(t0)¿
∫ T
t0
V [u](s) ds; (= 1); (9)
1
−+ 1(z(T )− z(t0))¿
∫ T
t0
V [u](s) ds; ( =1); (10)
where
z(t) ≡
∫
G
|u|+1(|v|) dx: (11)
In case 0¡6 1; inequalities (9); (10) imply that
lim
T→∞ z(T ) =∞;
which is equivalent to (5).
Next we treat the case where ¿ 1. Suppose that there exists a nonoscillatory solution v∈DP()
on I of (1). Proceeding as in the proof of the 2rst statement, we see that (10) holds. Since
−+ 1¡ 0, (10) implies that
1
− 1 z(t0)¿
∫ T
t0
V [u](s) ds:
The right side of the above inequality tends to ∞ as T →∞, and hence we are led to a contradiction.
The proof is complete.
Corollary 1. Let 0¡6 1. Assume that (H1)–(H3) hold; and that there exists a nontrivial func-
tion u∈Dp(G) such that
p[u] = 0 in G;
u= 0 on @G;
lim
t→∞
∫ t
T
V [u](s) ds=∞ for any T ¿ 0:
Then every bounded solution v∈DP() of (1) is oscillatory on I.
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Proof. Let v∈DP() be any bounded solution of (1). Then; we 2nd that (|v|) is bounded from
above; and therefore
∫
G |u|+1(|v|) dx is bounded from above. Since (5) does not hold; it follows
from Theorem 2 that the bounded solution v is oscillatory on I.
Corollary 2. Let 0¡6 1. Assume that the same hypotheses as those of Theorem 2 hold. If
v∈DP() is a solution of (1) which is nonoscillatory on I; then v is unbounded in .
Proof. Since v is nonoscillatory on I; v satis2es condition (5). Hence; |v| cannot be bounded from
above in ; that is; v is unbounded in .
The following theorem is a special case of the Picone-type identity given by Kusano et al. [6,
Theorem 1.1].
Theorem 3. Let v∈DP() and let v =0 in G× I ; where I is any interval in R. Then the following
identity holds for any u∈C1(G;R):
A(x; t)
[
|∇u|+1 + 
∣∣∣u
v
∇v
∣∣∣+1 − (+ 1) ∣∣∣u
v
∇v
∣∣∣−1 (∇u) · (u
v
∇v
)]
+∇ ·
( |u|+1
’(v)
A(x; t)|∇v|−1∇v
)
=A(x; t)|∇u|+1 − C(x; t)|u|+1 + |u|
+1
’(v)
P[v]; (x; t)∈G × I: (12)
Theorem 4. Assume that (H1); (H2) hold; and that there is a nontrivial function u∈C1( IG;R) such
that u= 0 on @G and
lim
t→∞
∫ t
T
M [u](s) ds=−∞ for any T ¿ 0;
where
M [u](t) ≡
∫
G
[A(x; t)|∇u|+1 − C(x; t)|u|+1] dx:
If 0¡6 1; then every solution v∈DP() of (1) which is nonoscillatory on I satis8es (5). If
¿ 1; then every solution v∈DP() of (1) is oscillatory on I.
Proof. First we consider the case where 0¡6 1. Let v∈DP() be a solution of (1) which is
nonoscillatory on I. There exists a number t0¿ 0 such that v =0 on IG × [t0;∞). Since the 2rst
term of the left side of (12) is nonnegative; integrating (12) over G yields
06M [u](t) +
∫
G
|u|+1 1|v|−1v P[v] dx
= M [u](t) +
∫
G
|u|+1 1|v|−1v
@v
@t
dx; t¿ t0:
282 J. Jaro/s et al. / Journal of Computational and Applied Mathematics 146 (2002) 277–284
Arguing as in the proof of Theorem 2; we obtain
z(T )− z(t0)¿−
∫ T
t0
M [u](s) ds (= 1);
1
−+ 1(z(T )− z(t0))¿−
∫ T
t0
M [u](s) ds ( =1);
where z(t) is given by (11). By the same arguments as in the proof of Theorem 2 we conclude that
v satis2es (5). The case where ¿ 1 can be treated similarly; and we are also led to a contradiction.
The proof is complete.
Corollary 3. Let 0¡6 1. Assume that (H1); (H2) hold; and that there is a nontrivial function
u∈C1( IG;R) such that u= 0 on @G and
lim
t→∞
∫ t
T
M [u](s) ds=−∞ for any T ¿ 0:
Then every bounded solution v∈DP() of (1) is oscillatory on I.
Corollary 4. Let 0¡6 1. Assume that the same hypotheses as those of Theorem 4 hold. If
v∈DP() is a solution of (1) which is nonoscillatory on I; then v is unbounded in .
The proofs of Corollaries 3 and 4 are quite similar to those of Corollaries 1 and 2, respectively,
and will be omitted.
Example 1. We consider the parabolic equation
@v
@t
−
(
@
@x
(
A0
∣∣∣∣@v@x
∣∣∣∣
−1 @v
@x
)
+ C0|v|−1v
)
= 0; (x; t)∈ (−1; 1)× (0;∞); (13)
where  = 2 or 12 ; and A0 and C0 are positive constants. Here n = 1; A(x; t) = A0¿ 0; C(x; t) =
C0¿ 0; G = (−1; 1) and  = (−1; 1) × (0;∞). First we deal with the case where  = 2. Letting
u= 1− x2; we 2nd that u(−1) = u(1) = 0. A simple calculation shows that
M [u](t) =
∫ 1
−1
[A0|u′(x)|3 − C0|u(x)|3] dx
=4A0 − 3235 C0:
Hence; it is clear that
lim
t→∞
∫ t
T
M [u](s) ds=−∞
for any T ¿ 0 if A0¡ 835 C0. Theorem 4 implies that every solution v of (13) with =2 is oscillatory
on I. Next we treat the case where  = 12 . Choosing u = 1 − x2; we see that u(−1) = u(1) = 0
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and
M [u](t) =
∫ 1
−1
[A0|u′(x)|3=2 − C0|u(x)|3=2] dx
=
8
5
√
2A0 − 38  C0:
If A0¡ 15128
√
2 C0; we observe that
lim
t→∞
∫ t
T
M [u](s) ds=−∞
for any T ¿ 0. It follows from Theorem 4 that every solution v of (13) with  = 12 which is
nonoscillatory on I satis2es
lim
t→∞
∫ 1
−1
(1− x2)3=2|v|1=2 dx =∞:
Example 2. We consider the parabolic equation
@v
@t
−
(
@
@x
(
A0
∣∣∣∣@v@x
∣∣∣∣ @v@x
)
+ C0|v|v
)
= 0; (x; t)∈ (0;  )× (0;∞); (14)
where A0 and C0 are positive constants satisfying A0¡C0. Here n=1; =2; A(x; t)=A0¿ 0; C(x; t)=
C0¿ 0; G = (0;  ) and  = (0;  )× (0;∞). Letting u= sin x; we observe that u(0) = u( ) = 0 and
M [u](t) =
∫  
0
[A0|u′(x)|3 − C0|u(x)|3] dx
=2A0
∫  =2
0
cos3 x dx − 2C0
∫  =2
0
sin3 x dx
=
4
3
(A0 − C0)¡ 0:
Hence; it is obvious that
lim
t→∞
∫ t
T
M [u](s) ds=−∞
for any T ¿ 0. It follows from Theorem 4 that every solution v of (14) is oscillatory on I.
Example 3. We consider the parabolic equation
@v
@t
−
(
@
@x
(∣∣∣∣@v@x
∣∣∣∣
−1=2 @v
@x
)
+ et=2|v|−1=2v
)
= 0; (x; t)∈ (0;  =2)× (0;∞): (15)
Here n=1; =12 ; A(x; t)=1; C(x; t)=e
t=2; G=(0;  =2) and =(0;  =2)×(0;∞). Choosing u=x cos x;
we see that u(0) = u( =2) = 0 and
M [u](t) =
∫  =2
0
[|u′(x)|3=2 − et=2|u(x)|3=2] dx
=K1 − K2et=2;
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where
K1 =
∫  =2
0
|cos x − x sin x|3=2 dx¿ 0;
K2 =
∫  =2
0
|x cos x|3=2 dx¿ 0:
Therefore; we obtain∫ t
T
M [u](s) ds=
∫ t
T
[K1 − K2es=2] ds
=K1(t − T )− 2K2(et=2 − eT=2)
= et=2(−2K2 + K1te−t=2)− K1T + 2K2eT=2;
and hence
lim
t→∞
∫ t
T
M [u](s) ds=−∞
for any T ¿ 0. It follows from Theorem 4 that every solution v of (15) which is nonoscillatory on
[0;  =2]× [0;∞) satis2es
lim
t→∞
∫  =2
0
|x cos x|3=2|v|1=2 dx =∞:
For example; v= et is such a solution.
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